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Abstract
The Unfriendly Partition Conjecture posits that every countable graph admits a 2-
colouring in which for each vertex there are at least as many bichromatic edges containing
that vertex as monochromatic ones. This is not known in general, but it is known that a
3-colouring with this property always exists. Anholcer, Bosek and Grytczuk recently gave
a list-colouring version of this conjecture, and proved that such a colouring exists for lists
of size 4. We improve their result to lists of size 3; the proof extends to directed acyclic
graphs. We also discuss some generalisations.
1 Introduction
It is a simple exercise to show that the vertices of any finite graph can be partitioned into two
parts so that every vertex is in the opposite part to at least half of its neighbours. This was
first observed by Lova´sz [11]. Such a partition is often referred to as “unfriendly”. A natural
question is whether infinite graphs necessarily have unfriendly partition, where if a vertex has
infinite neighbourhood we interpret “at least half” to mean a set of the same cardinality as the
whole neighbourhood. Shelah and Milner [12] answer this question (which they attribute to
Cowan and Emerson) in the negative by constructing uncountable counterexamples; however,
they conjecture that any countable graph has an unfriendly partition.
This conjecture has been proved in some cases, such as for graphs with finitely many vertices
of infinite degree by Aharoni, Milner and Prikry [1], for rayless graphs by Bruhn, Diestel,
Georgakopoulos and Spru¨ssel [5], and for graphs with no subdivision of an infinite clique by
Berger [4]; the first two results mentioned make no assumption on the cardinality of the graph.
Unfriendly partitions may be rephrased in the language of colourings. A majority colouring
of a graph is an assignment of colours to vertices such that at most half of the edges incident
with any vertex are monochromatic, and a graph is majority ℓ-colourable if it has a majority
colouring using at most ℓ colours. The Unfriendly Partition Conjecture is that every countable
graph is majority 2-colourable. Shelah and Milner [12] showed that every graph (even without
the assumption of countability) is majority 3-colourable.
A classical extension of (proper) colouring of graphs is the concept of list colouring, intro-
duced independently by Vizing [13] and by Erdo˝s, Rubin and Taylor [6]. Instead of assigning
colours to vertices from a fixed palette of ℓ colours, each vertex v must be assigned one of a list
L(v) of ℓ colours. Does a suitable colouring exist for every possible system of lists? While it
is natural to suppose that this is hardest to achieve when all lists coincide, in fact this is not
the case. For example, K3,3 can be properly 2-coloured, but there is a system of lists of size
2 from which no proper colouring exists. As well as being an interesting problem in its own
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right, moving to the more general setting of list colouring can facilitate proving results about
colouring. More recently, the even more general setting of correspondence (or DP) colouring by
Dvorˇa´k and Postle [7] has attracted a great deal of interest.
Anholcer, Bosek and Grytczuk [3] recently introduced majority list colourings. A graph
G is majority ℓ-choosable if for any system of lists
(
L(v)
)
v∈V (G)
of size ℓ there is a majority
colouring of G in which each vertex v is assigned a colour from L(v). They make the following
analogue of the Unfriendly Partition Conjecture.
Conjecture 1. Any countable graph is majority 2-choosable.
Kreutzer, Oum, Seymour, van der Zypen and Wood [10] extended the concept of majority
colourings to digraphs, by requiring that at most half of the outgoing edges from any vertex are
monochromatic. In this case three colours are necessary even for some finite digraphs. Anholcer,
Bosek and Grytczuk [3] make the following conjectures for countable digraphs.
Conjecture 2. Any countable digraph is majority 3-choosable.
Conjecture 3. Any countable acyclic digraph is majority 2-choosable.
They make progress towards these conjectures by proving that every countable graph and
every countable digraph is majority 4-choosable. We make further progress towards Conjectures
1 and 3 by showing that every countable graph and every countable acyclic digraph is majority
3-choosable. In fact our proofs work in the more general setting of majority correspondence
colouring, which we may define in the spirit of Dvorˇa´k and Postle [7]. However, for ease
of reading we present our main results for majority choosability, and defer remarks on the
correspondence setting to the end of the paper.
2 Main results
We will use the following (slightly modified) lemma of Anholcer, Bosek and Grytczuk [3]; we
give a short proof for completeness.
Lemma 1. Let V be a countable set and X be a countable (possibly finite) collection of infinite
subsets of V . Suppose that each v ∈ V has a list L(v) of ℓ+1 colours. Then there is a choice of
ℓ-element sublists L′(v) ⊂ L(v) such that for every colour c and set X ∈ X there are infinitely
many v ∈ X such that c 6∈ L′(v).
Proof. Note that the set C :=
⋃
v∈V L(v) of all colours is countable. Fix an ordering of the
countable set X × C × N. For each triple (X, c, i) in turn, choose any v ∈ X which has not
previously been chosen (which is possible since X is infinite). If c ∈ L(v), set L′(v) = L(v)\{c}.
Finally, arbitrarily choose any sublist L′(v) which has not previously been defined.
Note that for every (X, c) every element v that was chosen for a triple of the form (X, c, i)
has the property that v ∈ X and c 6∈ L′(v). There are infinitely many such elements, and so
these sublists have the required property.
In the proof of our main result we use the notation N(v) and N [v] for the open and closed
neighbourhoods respectively of a vertex v.
Theorem 2. Every countable graph is majority 3-choosable.
Proof. Apply Lemma 1 with ℓ = 2, where X = {N(vi) | d(vi) = ∞}, to obtain a system of
lists
(
L′(v)
)
v∈V (G)
. Order the vertices v1, v2, . . . , and for each n ∈ N consider the subgraph Gn
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induced by v1, . . . , vn. Fix a colouring χn Since it is finite, Gn is majority 2-choosable: any
colouring which minimises the total number of monochromatic edges is a majority colouring.
In particular, there is a colouring χn which colours vi from L
′(vi) for each i ≤ n which is a
majority colouring for Gn.
We now use a compactness argument. Infinitely many of the colourings (χn)n∈N agree on
the colour of v1; let χ(v1) be this colour. Of these, infinitely many also agree on the colouring
of v2; let χ(v2) be this colour. Continuing in this manner we get a colouring χ of V (G) in which
vi receives a colour from L
′(vi) for each i, and such that for each n ∈ N there exists m ≥ n
such that χ(vi) = χm(vi) for every i ≤ n.
We claim that χ is a majority colouring. Indeed, if vi has finite degree then, writing n =
max{j : vj ∈ N [vi]}, there exists m ≥ n such that χm(vj) = χ(vj) for every j ≤ n. In
particular, these two colourings agree on vi and all its neighbours, and since χm is a majority
colouring on Gm, at most half of the edges containing vi are monochromatic in χm and hence χ.
Alternatively, if vi has infinite degree then by taking X = N(vi) and c = χ(vi) in the definition
of the sublists L′(vj), vi has infinitely many neighbours vj for which χ(vi) 6∈ L
′(vj), and so
χ(vj) 6= χ(vi). Thus the conditions of a majority colouring are satisfied at every vertex.
This proof does not give a good bound for digraphs, where it is an open conjecture to even
show that finite digraphs are majority 3-colourable [10]. However, in the much simpler case of
acyclic digraphs we can use this method. Any finite acyclic digraph is majority 2-choosable,
since we may colour vertices in reverse topological ordering (so that each vertex is processed after
all its outneighbours), giving each vertex the colour from its list which is less common among
its neighbours. The proof above, replacing neighbourhoods and degrees by outneighbourhoods
and outdegrees throughout, therefore gives the following bound.
Theorem 3. Every countable acyclic digraph is majority 3-choosable.
This strengthens an earlier result of Anholcer, Bosek and Grytczuk [2] that countable acyclic
digraphs are majority 3-colourable.
3 Comparison with the result of Shelah and Milner
Suppose we are primarily interested in majority 3-colourability of countable graphs. This is the
intersection of our result and that of Shelah and Milner [12], and so it is natural to compare
the two proofs for that case. From [12] we can extract a proof of majority 3-colourability for
countable graphs which is substantially shorter than that of their full result, and which we
describe informally as follows.
For a countable graph G on vertex set V , let B0 be the set of all vertices of finite degree. We
recursively define Bα for ordinals α as follows: Bα is the set of all vertices not in
⋃
β<αBβ, but
with infinitely many neighbours in that set. Stop this process at the first ordinal γ such that
Bγ is empty, and let C := V \
⋃
β<γ Bβ be the set of leftover vertices. Note that in the induced
subgraph G[C] all vertices have infinite degree, so (by a result of Aharoni, Milner and Prikry
[1]) it has a majority 2-colouring, which we use to define colours of vertices in C. For each
α > 1, since every vertex in Bα has infinitely many neighbours in
⋃
1≤β<αBβ, it is sufficient to
colour it differently from infinitely many neighbours in this set. We may do this inductively:
colour B1 with a single colour c and for each α > 1 colour each vertex in Bα differently to the
majority of its neighbours in
⋃
1≤β<αBβ . Finally, we colour vertices in B0. By a compactness
argument, for any given colouring of V \B0, we can 2-colour the vertices in B0 such that each
vertex has at most half its edges (in G) monochromatic. We may choose such a colouring using
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only the two colours other than c, and this ensures that each vertex in B1 has infinitely many
neighbours in B0 of a different colour.
Our proof of Theorem 2 is perhaps simpler than this, and although their proof has the
significant advantage that it can be generalised to the uncountable case, ours has the more
modest advantage that it gives majority 3-choosability rather than just majority 3-colourability.
Both of these advantages are genuine. The proof of Shelah and Milner relies on the fact that
we are colouring from a fixed palette, rather than list colouring, to give every vertex in B1 the
same colour. However, Lemma 1 relies on V and X being countable; if they may be uncountable
then we may choose X to be all infinite subsets of a given countable subset of V , and the result
will not hold. Nevertheless, we conjecture that every graph is majority 3-choosable.
4 Extensions
4.1 1/k-majority colouring
Kreutzer, Oum, Seymour, van der Zypen and Wood [10] generalised majority colouring (in the
setting of digraphs) by asking how many colours are needed to colour a finite digraph such that
every vertex has the same colour as at most a 1/k proportion of its outneighbours, where k ∈ N.
They call such a colouring a (1/k)-majority colouring. Gira˜o, Kittipassorn and Popielarz [8]
observed that at least 2k − 1 colours may be required, and proved that 2k colours is sufficient.
In fact they showed this in the more general list-colouring setting, that is, every finite digraph
is (1/k)-majority 2k-choosable, and Knox and Sˇa´mal [9] independently proved the same result.
For finite simple graphs, the corresponding notion is much more straightforward: it is easy
to see that for any finite graph and any system of lists of size k, there is a colouring χ for
which each vertex is the same colour as at most a 1/k proportion of its neighbours, and in
fact each vertex v has at least as many neighbours of colour c as colour χ(v) for each c ∈ L(v)
(any colouring minimising the number of monochromatic edges has this property). Even more
simply, any finite acyclic digraph is (1/k)-majority k-choosable.
Our methods gives corresponding, but weaker, results for countable graphs in all of these
settings. Suppose that any finite induced subgraph of a countable graph (or digraph) G is
(1/k)-majority ℓ-choosable. Applying Lemma 1 with this value of ℓ, and mimicking the proof of
Theorems 2 and 3, we see that G is ℓ+ 1-choosable. Together with the observations above for
finite simple graphs and acyclic digraphs, we obtain the following generalisation of Theorems 2
and 3.
Theorem 4. For each k ≥ 2, any countable graph or countable acyclic digraph is (1/k)-majority
(k + 1)-choosable.
In addition, using the result of [8] and [9] for finite digraphs, we obtain the following bound
for countable digraphs; note, however, that for k = 2 this gives a weaker bound than that
established by Anholcer, Bosek and Grytczuk [3].
Theorem 5. For each k ≥ 2, every countable digraph is (1/k)-majority (2k + 1)-choosable.
4.2 Majority correspondence colouring
In this section we discuss an extension of majority choosability based on correspondence (or
DP) colouring. Correspondence colouring is a generalisation of list colouring in which for every
edge uv there is a set of forbidden (ordered) colour pairs, with every colour at u (or v) being in
at most one pair. Choosing these pairs to be the monochromatic ones, we recover list colouring.
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However, correspondence colouring may require more colours than list colouring: for even cycles
with lists of size two, a list colouring exists but a correspondence colouring need not.
We define majority correspondence colourings in the same way. Given a graph G, equip
each vertex v with a list L(v) of k ≥ 2 colours, and each edge uv with a set of bad pairs
Buv ⊂ L(u) × L(v), where for every c ∈ L(u) there is at most one pair (c, c
′) ∈ Buv, and for
every c ∈ L(v) there is at most one pair (c′, c) ∈ Buv. For a colouring χ we say an edge uv
is bad if (χ(u), χ(v)) ∈ Buv, and we say χ is a (1/k)-majority correspondence colouring if for
every vertex v, at most a 1/k proportion of the edges incident with v are bad. Similarly we
may define majority correspondence colourings for digraph with respect to the outedges from
each vertex. We say that G is (1/k)-majority ℓ-correspondence colourable if for every collection
of lists L = {L(v) | v ∈ V (G)} of size ℓ and bad sets B = {Buv | uv ∈ E(G)} there is a
(1/k)-majority correspondence colouring of G.
Note that every finite graph or acyclic digraph is (1/k)-majority k-correspondence colourable,
with the same proof in each case. To adapt the proof of Theorem 4 to correspondence colouring,
we first need to modify the statement of Lemma 1.
Lemma 6. Let V be a countable set and suppose that each v ∈ V has a list L(v) of ℓ + 1
colours. Let X be a countable (possibly finite) collection of sets, such that each X ∈ X consists
of infinitely many pairs (v, c) with v ∈ V and c ∈ L(v), all having distinct first elements. Then
there is a choice of ℓ-element sublists L′(v) ⊂ L(v) such that for every X ∈ X there are infinitely
many pairs (v, c) ∈ X such that c 6∈ L′(v).
Proof. Fix an ordering of X ×N. For each pair (X, i) in turn, choose any pair (v, c) in X such
that no pair containing v has previously been chosen, and set L′(v) = L(v)\{c}. Finally, choose
sublists which have not been defined arbitrarily.
Equipped with this version, we may now modify the proof of Theorem 2 to deal with
correspondence colouring. To do this, for each pair (u, c) with u ∈ V (G) and c ∈ L(u), let
Xv,c = {(v, c
′) : v ∈ N(u) ∧ (c, c′) ∈ Buv}. Set X to be {Xu,c : |Xu,c| = ∞}. Note that X
satisfies the assumptions of Lemma 6, and so we may choose sublists
(
L′(v)
)
v∈V (G)
in accordance
with that lemma. Now define the colouring χ as in the proof of Theorem 2. If vi has finite
degree, then choosing an appropriate colouring χm shows that at most the required proportion
of edges meeting vi are bad. If vi has infinite degree, but Xvi,χ(vi) is finite then at most finitely
many edges meeting vi are bad. If Xvi,χ(vi) is infinite then by choice of the sublists vi has
infinitely many neighbours vj such that vivj cannot be bad. The same argument works for
acyclic digraphs. Thus we have the following result.
Theorem 7. For every k ≥ 2, any countable graph or countable acyclic digraph is (1/k)-
majority k-correspondence colourable.
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